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ABSTRACT
This paper aims to demonstrate how new copulas can be derived through mixtures
of copulas and their associated marginal distributions. We investigate the properties
of these copulas by applying various dependency measures and conducting numerical
evaluations via Monte Carlo integration. The study considers six bivariate copula
families and asymmetric marginal distributions. To illustrate the methodology, we
provide a simple example using the Clayton copula with exponential marginals, as
well as the product copula with gamma marginals. In the applications, one of the
six copulas is combined with the product copula, where the mixture is performed on
the scale of the asymmetric normal distribution with an inverse gamma distribution.
This results in an asymmetric Student-t distribution, generating a new copula. We
estimate the model parameters using a Bayesian approach, with model selection
based on the deviance information criterion (DIC) and similar metrics. For real-
world applications, we apply the models to a dataset of insurance claims and two
sets of daily returns from European and Latin American markets.
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1. Introduction

There have been several applications of multivariate distributions constructed by com-
bining univariate marginal distributions with copula functions [9, 11, 13]. Copula
functions are multivariate distributions defined on the unit hypercube [0, 1]d, where
each univariate marginal distribution is uniform on the interval (0, 1). Specifically, the
copula function C is defined as

C(u1, . . . , ud) = Pr(U1 ⩽ u1, . . . , Ud ⩽ ud) (1)

where Ui ∼ Uniform(0, 1) for i = 1, 2, . . . , d. Furthermore, if (X1, . . . , Xd) ∈ Rd has
a continuous multivariate distribution with the joint cumulative distribution function
H(x1, . . . , xd) = Pr(X1 ⩽ x1, . . . , Xd ⩽ xd), then by Sklar’s theorem [22], there exists
a unique copula function C : [0, 1]d → [0, 1] corresponding to H such that

H(x1, . . . , xd) = C(H1(x1), . . . , Hd(xd))
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for all (x1, . . . , xd) ∈ Rd and continuous marginal distributions Hi(xi) = Pr(Xi ⩽ xi),
where xi ∈ R for i = 1, 2, . . . , d. Additionally, if C is a copula on [0, 1]d and
H1(x1), . . . , Hd(xd) are cumulative distribution functions on R, then the joint cu-
mulative distribution function

H(x1, . . . , xd) = C(H1(x1), . . . , Hd(xd))

is a valid cumulative distribution function on Rd with univariate marginal distributions
H1(x1), . . . , Hd(xd). For a thorough theoretical discussion on copulas, refer to Joe [15]
and Nelsen [18].

Flexible multivariate distributions can be formulated using predetermined discrete
and/or continuous marginal distributions, along with a copula function that captures
the intended dependence structure. Silva and Lopes [21] discuss one- and two-step
estimation techniques for copulas, highlighting the significance of employing a fully
Bayesian one-step approach. This paper aligns with their perspective by utilizing
continuous mixtures of copulas and implementing a full Bayesian framework through
Markov chain Monte Carlo methods [8]. Moreover, we use the deviance information
criterion (DIC) [23] and similar criteria to choose the most suitable continuous mixture
copula-based model.

This paper presents a novel method for constructing copulas through continuous
mixtures of copulas and their marginal distributions, building upon existing work in
the literature. We analyze the properties of the resulting copulas using various depen-
dency measures. The concept of mixture results based on conditional distributions and
Laplace transforms was first introduced by Joe [15], and Nelsen [18] expanded on
mixtures in copula parameters. To illustrate the approach, we provide a simple exam-
ple featuring the Clayton copula with exponential marginals and the product copula
with gamma marginals. For both synthetic and real-world applications, we combine
six bivariate copulas with the product copula, incorporating asymmetric normal and
inverse gamma distributions. This results in an asymmetric Student-t marginal distri-
bution and a new copula. The method is demonstrated using actuarial and financial
data.

The rest of the paper is organized as follows. In Section 2, we outline the mix-
ture of copulas through marginal distributions and then address how to compute the
dependency measures. Section 3 discusses inference in the posterior distribution via
Markov chain Monte Carlo methods and model selection using the deviance informa-
tion criterion. Section 4 presents three real-world applications, one related to insurance
claims and the other two focused on daily return indices. Our concluding remarks are
provided in Section 5.

2. Mixture of copulas

In this section, we introduce the concept of copula mixtures, discuss how dependency
measures can be represented, and offer suggestions for evaluating them numerically
using Monte Carlo integration. To begin, we present the most commonly used copula
functions (see Equation (1)) in Table 1.

The parameter θ ∈ [−1, 1] applies to the Gaussian and Student-t copula functions.
Additional discussions and properties of these copula functions can be found in [2],
[5], [10], and [12] (for Gumbel and Gaussian), and [3] (for Student-t).

Let X and Y be random vectors. F will represent the cumulative distribution
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Table 1. Six bivariate copula functions.

Cópula C(u, v|θ) θ ∈ Ω

Clayton (u−θ + v−θ − 1)−1/θ (0,∞)

Frank −1

θ
log

(
1 +

(exp(−θu)− 1)(exp(−θv)− 1)

exp(−θ)− 1

)
R\{0}

Gaussian

∫ Φ−1(u)

−∞

∫ Φ−1(v)

−∞

1

2π
√
1− θ2

exp

{
2θst− s2 − t2

2(1− θ2)

}
dsdt [−1, 1]

Gumbel exp
{
−[(− log u)θ + (− log v)θ]1/θ

}
[1,∞)

Heavy tail u+ v − 1 + [(1− u)−1/θ + (1− v)−1/θ − 1]−θ (0,∞)

Student-t

∫ T−1
ν (u)

−∞

∫ T−1
ν (v)

−∞

Γ
(
ν+2
2

)

Γ
(
ν
2

)
νπ

√
1− θ2

(
1 +

s2 + t2 − 2θst

ν(1− θ2)

)
dsdt [−1, 1]

function (cdf) of X given Y , and its univariate marginals will be denoted by Fi, for
i = 1, . . . , d. G and H will represent the cdf of Y and X, respectively, with their
univariate marginals denoted by Gj , for j = 1, . . . ,m, and Hi, for i = 1, . . . , d.

Theorem 2.1. Let X = (X1, . . . , Xd) and Y = (Y1, . . . , Ym) be random vectors such
that X|Y has a cdf given by CX|Y (F1(x1|y), . . . , Fd(xd|y)), and Y has a cdf given by
CY (G1(y1), . . . , Gm(ym)). Then, X has a cdf given by

CX(H1(x1), . . . , Hd(xd)) =

∫
CX|Y (F1(x1|y), . . . , Fd(xd|y))dCY (G1(y1), . . . , Gm(ym))

where y = (y1, . . . , ym) ∈ Rm. Furthermore, CX is a copula function.

Proof: This follows from Sklar’s theorem and the fact that H(x) =
∫
F (x|y)dG(y),

where x = (x1, . . . , xd) ∈ Rd. To verify that CX is indeed a copula function, we show
the following two properties:

(1) limui→0CX(u1, . . . , ui, . . . , ud) = 0; and
(2) CX(1, . . . , 1, ui, 1, . . . , 1) = ui for i = 1, . . . , d.

These properties hold using the fact that CX|Y is a copula. The other properties follow
similarly.

Theorem 2.1 states that a mixture of copulas results in another copula. It is also
possible to extend this result by mixing the parameters of the copula [18], CX , or
equivalently in CX|Y and CY . The result of Theorem 2.1 includes both discrete and/or
continuous mixtures. Moreover, CX|Y and CY can be any copulas. They determine the
structure of asymmetry and dependence in the resulting copula CX , while the choice
of marginal distributions in the mixture determines the characteristics and properties
of the marginal distributions of X. A hierarchical copula model can be an interesting
application of the copula mixture approach.

Theorem 2.2. Any lower-order marginal distribution (k < d) of CX can be obtained
as a mixture of the marginal CX|Y of the same dimension and the copula CY , that is,

CX(Hs1(xs1), . . . , Hst(xst)) =

∫
CX|Y (Fs1(xs1 |y), . . . , Fst(xst |y))dCY (G1(y1), . . . , Gm(ym))

where s1, . . . , st ∈ {1, . . . , d}.
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Proof: Let the limits xℓ → ∞ for all ℓ ̸= s1, . . . , st. We then interchange the order of
limits and integrals since they are all well-defined. Next, we apply the marginalization
property of a copula, CX|Y , to obtain the result.

Remark 2.1. If d = m and Xi only depends on Yi, which in turn is independent of
all other Xℓ (for ℓ ̸= i), then

Hi(xi) =

∫
Fi(xi|yi)dGi(yi).

Remark 2.1 is significant because it helps determine the resulting marginal distribu-
tions in most applications. For instance, suppose Xi is a normal random variable with
mean 0 and variance Yi, and Yi follows an inverse gamma distribution with parameters
ν/2 and ν/2. In this case, the resulting marginal distribution will follow a Student’s
t-distribution with ν degrees of freedom, regardless of the copulas used in the mixture.
This outcome is independent of the copulas CX|Y and CY , but it can provide insights
into certain characteristics of the resulting copula CX . The results outline the general
structure of the mixture, its cumulative distribution function, and marginals, whilst
key features of the copulas are captured through dependence measures.

For copulas, the well-known Kendall’s τ measure [16, 18] for the resulting copula
CX is given by:

τX = 4

∫
CX(Hs1(xs1), Hs2(xs2))dCX(Hs1(xs1), Hs2(xs2))− 1,

where s1, s2 ∈ {1, . . . , d}, and CX(Hs1(xs1), Hs2(xs2)) is given by Theorems 2.1 and
2.2. In most cases, τX does not have a closed-form expression but can be evaluated
numerically, for example, using Monte Carlo integration as

τX ≃ 4

LK

[
L∑

ℓ=1

K∑
k=1

CX|Y (Fs1(x
(ℓ)
s1 |y

(k)), Fs2(x
(ℓ)
s2 |y

(k)))

]
− 1. (2)

where y(ℓ) is draw from CY (G1(y1), . . . , Gm(ym)), and (x
(ℓ)
s1 , x

(ℓ)
s2 ) is a draw from

CX(Hs1(xs1), Hs2(xs2)). We use this measure in our applications.
The Spearman’s ρ measure [16, 18] for the resulting copula CX is given by

ρX = 12

∫
Hs1(xs1)Hs2(xs2)CX(Hs1(xs1), Hs2(xs2))− 3

where

Hst(xst) =

∫
Fst(xst |y)dCY (G1(y1), . . . , Gm(ym)), for t = 1, 2,

and s1, s2 ∈ {1, . . . , d}. Again, we can approximate ρX using Monte Carlo integration
as

ρX ≃ 12

L

[
L∑

ℓ=1

Hs1(x
(ℓ)
s1 )Hs2(x

(ℓ)
s2 )

]
− 3 (3)
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if Hs1 and Hs2 are known in closed form. Otherwise, we have

ρX ≃ 12

LK2


L

ℓ=1


K
k=1

Fs1(x
(ℓ)
s1 |y

(k))


K
k=1

Fs2(x
(ℓ)
s2 |y

(k))


− 3. (4)

For both Kendall’s τ and Spearman’s ρ, simple versions of the approximations can be
computed using their sample counterparts.

The lower and upper tail indices [18] of the resulting copula CX are given respec-
tively by

λL = lim
z→−∞

r(z)

Hst(z)
and λU = lim

z→∞

1

1−Hst(z)
[1− 2Hst(z)− r(z)] ,

where

r(z) =


CX|Y (Fs1(z|y), Fs2(z|y))dCY (G1(y1), . . . , Gp(yp)).

An approximation for the value of λL can be obtained through a local regression
using least squares methods and taking the intercept as the approximate value. That
is, let wr = α + ξ1zr + ξ2z

2
r be a local linear regression with zr being a decreasing

sequence and

wr ≃


K
k=1

Fst(zr|y(k))

−1
CX|Y (Fs1(zr|y(k)), Fs2(zr|y(j)))


.

Then λL ≃ â, where â is the least squares estimate from the above regression. The
same idea can be applied to the upper tail index λU .

The measure D(q), consequently the Schweizer and Wolff measure σ [20], and the
dependence index Φ2, for the resulting copula CX are given by

DX(q) =


κq

 
|CX(Hs1(xs1), Hs2(xs2))−Hs1(xs1)Hs2(xs2)|

q
dHs1(xs1)dHs2(xs2)

1/q

where σX = DX(1) with κ1 = 12 and Φ2
X = (DX(2))2 with κ2 = 90. A numerical

approximation of DX(q) by Monte Carlo integration is given by

DX(q) ≃


κq

L

L
ℓ=1




1

K

K
k=1

CX|Y (Fs1(x
(ℓ)
s1 |y

(k)), Fs2(x
(ℓ)
s2 |y

(k)))



−


1

J

J
j=1

Fs1(x
(ℓ)
s1 |y

(j))


1

M

M
m=1

Fs2(x
(ℓ)
s2 |y

(m))



q


1/q

. (5)

In Example 2.1, we want to illustrate the idea of mixture in copulas, how we can
obtain marginal distributions, and what the results of all these dependence measures
are.
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Example 2.1. Let Xi and Yi, i = 1, 2, be random variables such that (Xi|Yi) ∼
Exponential(yi) with mean E(Xi|Yi = yi) = 1/yi and Yi ∼ Gamma(λi, ηi) with mean
E(Yi) = λi/ηi and variance Var(Yi) = λi/η

2
i . It is easy to prove that Xi has pdf

hi(xi) = λiη
λi
i /(ηi+xi)

λi+1 and cdf Hi(xi) = 1−ηλi
i /(ηi+xi)

λi. Furthermore, consider
CX|Y as the Clayton copula given in Table 1 whose pdf can be easily computed [18] (see

also Table A1 in Appendix A) and CY the product copula C⊥. Setting λ1 = λ2 = 2,
η1 = η2 = 2, θ = 2, and using the sampling importance resampling algorithm [8] with
a resampling rate of 5% to generate values of X|Y , we get:

(1) τSX ≃ 0.328 and τ ⋆X ≃ 0.334, where S corresponds to the sample version of
Kendall’s τ measure for a sample size of 5,000 and ⋆ the approximation in
Equation (2) with L = 10, 000 and K = 50, 000. Note that τSX gives the same
result with a smaller sample size. The Kendall τ measure for the Clayton copula
without mixture is 0.50, with the sample generated using the mean of yi, E(Yi) =
1 for i = 1, 2.

(2) ρSX ≃ 0.473, ρ⋆X ≃ 0.482 and ρ†X ≃ 0.477, where S corresponds to the sample
version of Spearman’s ρ measure for a sample size of 5,000, ⋆ the approximation
in Equation (3) with L = 10, 000, and † the approximation in Equation (4) with
L = 10, 000 and K = 50, 000. Note that ρSX gives the same result with a smaller
sample size. Spearman’s ρ measure for the Clayton copula without mixture is
0.68.

(3) λX ≃ 0.532 using the local regression model idea with the sequence zr going
to 0 and yr. The lower tail index for the Clayton copula without mixture is
approximately 0.707.

(4) σX ≃ 0.474 and Φ2 ≃ 0.205 using Equation (5) with L = 10, 000 and J =
K = M = 50, 000. The Schweizer and Wolff measure σ and the dependence
index Φ for the Clayton copula without mixture are approximately 0.68 and 0.43,
respectively.

Now, it can be seen that all the measures indicate that the dependence between
the two variables X1 and X2 decreases when compared to the dependence measures of
the Clayton copula without mixture. A plausible explanation for this is the choice of
CY as the product copula, that is, independent marginals. Another possibility for the
mixture would be using the Clayton copula in both CX|Y and CY . It is important to
note that the numerical calculation of the dependency measures mentioned above can
be computationally intensive. Special attention should be given to the sample versions
of Kendall’s τ and and Spearman’s ρ, which are used in our applications.

3. Inference in the posterior distribution

We consider the Bayesian approach, where all unknown quantities are estimated from
the posterior distribution. The exception is for the Student copula, where the degrees
of freedom are given and fixed. Formally, π(Ψ) ∝ L(Ψ)p(Ψ), where Ψ is a vector of
parameters (all unknown quantities), including those of the copula and the marginal
distributions, while π(Ψ), L(Ψ), and p(Ψ) are the posterior distribution, the likelihood
function, and the prior distribution, respectively. To facilitate understanding, we fo-
cus on bivariate continuous distributions and copulas. Let (X1, X2) be a continuous
bivariate random variable with copula CX . Thus, its joint pdf is given by:

h(x1, x2|Ψ) = cX(H1(x1|Ψ), H2(x2|Ψ)|θ)h1(x1|Ψ)h2(y2|Ψ), (6)
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where hi and Hi represent the pdf and cdf of the marginal distribution, respectively.
The copula density, cX , is the pdf calculated as the mixed derivative of CX , if it exists,
with respect to x1 and x2. For example, see in Table A1 in the Appendix A the pdf
of the six families of copulas presented in Table 1.

Let ((x11, x21), . . . , (x1n, x2n)) be a sample of size n ⩾ 1 of i.i.d. data from the
bivariate joint distribution with pdf given by Equation (6). Then,

L(Ψ) =

n∏
i=1

cX(H1(x1i|Ψ), H2(x2i|Ψ)|θ)h1(x1i|Ψ)h2(x2i|Ψ).

The model specification is completed by assigning a prior distribution p(Ψ) to the
parameter vector Ψ. All parameters are assumed to be independent a priori, each with
its own relatively vague prior distribution. In the case of the mixture model, L(Ψ)
is composed by the X|Y and Y distributions, with parameters ommited from the
notation.

Since copula functions generally do not have simple forms, the posterior distribution
is generally not available in a closed form. Inference in the posterior distribution is
facilitated by Markov chains Monte Carlo methods. Specifically, the Gibbs sampler
was chosen for the applications, and for most of the complete conditionals, we use the
slice sampler [17], except when some of the complete conditionals have a known and
easy-to-sample closed form. These choices induce a rapid convergence rate with small
sample autocorrelations for the samples in our applications.

3.1. Model selection

Most existing literature focuses on estimating and selecting copula functions, condi-
tioned on estimated marginal distributions. Here, we summarize alternative model
evaluation measures for copula-based distributions. Let L(x|Ψk,Mk) represent the
likelihood function for model Mk, including marginal distributions and the copula
function. The deviance function is D(Ψk) = −2 logL(x|Ψk,Mk).

Common model selection criteria include the Akaike Information Criterion (AIC),
Bayesian Information Criterion (BIC), their expected versions (EAIC and EBIC), and
the Deviance Information Criterion (DIC), defined as:

AIC(Mk) = D(E[Ψk|x,Mk]) + 2dk, BIC(Mk) = D(E[Ψk|x,Mk]) + log(n)dk,

EAIC(Mk) = E[D(Ψk)|x,Mk] + 2dk, EBIC(Mk) = E[D(Ψk)|x,Mk] + log(n)dk,

DIC(Mk) = 2E[D(Ψk)|x,Mk]−D(E[Ψk|x,Mk]).

Further details on all these measures can be found in Spiegelhalter, Best, Carlin and
Linde [23].

For a posterior sample {Ψ(1)
k , . . . ,Ψ

(L)
k }, the Monte Carlo approximations to

E[D(Ψk)|x,Mk] and E[Ψk|x,Mk] are:

L−1
L∑

ℓ=1

D(Ψ
(ℓ)
k ) and L−1

L∑
ℓ=1

Ψ
(ℓ)
k .

7
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These measures are invariant under monotone transformations of the marginal dis-
tributions, which is useful in copula modeling. These criteria, computationally effi-
cient, account for parameter dependence and can be applied to any copula family
with computable densities.

4. Applications

Our main goal in this section is to demonstrate the applicability of the continuous
mixture in copulas to real data sets. Two other important features are the Bayesian
approach and model selection via DIC (and similar criteria). Actuarial data on insur-
ance claim requirements [7] are fitted to the mixture model. Additionally, two financial
data sets are analyzed: the daily market indices of Amsterdam and Frankfurt, and
those of Mexico and Argentina [14, 19].

Due to stylized facts in finance, we are interested in modeling with asymmetric
distributions and heavy tails. For this, we use the approach of Fernández and Steel
[4]. In particular, to illustrate the main idea of the continuous mixture, we have the
asymmetric normal distribution given by:

fi(xi|µi, yi, γi) =
2γi

γ2
i + 1

[
ϕ

(
xi − µi

γi
√
yi

)
I[0,∞) + ϕ

(
γi(xi − µi)√

yi

)
I(−∞,0)

]

which is used as the marginal distributions of CX|Y in all 3 applications, with CX|Y
being one of the six families of copulas from Table 1. Here, ϕ corresponds to the
pdf of a standard normal distribution, and given Yi, yi represents the scale of the
distribution. Additionally, Yi has an inverse gamma distribution with parameters ηi/2
and ηiλ

2
i /2. However, we take CY simply as the product copula. Notice that Xi has

an asymmetric Student-t distribution. This model is capable of capturing simpler
structures in the data with its particular cases. Other choices could be made for the
marginal distributions and copulas. For all applications, we generated 11,000 iterations
of the Gibbs algorithm, discarded the first 1,000 iterations, and took 1 value every 10
samples, resulting in a sample of size 1,000 from the posterior distributions of each
model. The degrees of freedom of the Student copula was fixed at 4 for all applications.

4.1. Insurance claim requirements

Figure 1 shows the data set corresponding to insurance claim requirements with 1,500
observations of adjusted loss expenses (ALAE) and claim payments (Loss), both on
the logarithmic scale. The statistical summary of these two measures shows that both
appear to be left-skewed, with a correlation coefficient of 0.425 and the Kendall’s τ
measure equal to 0.302. A better description of the data can be found in Frees and
Valdez [7].

Table 2 presents the DIC and the other criteria for all the copula mixture models.
For the AIC, EAIC, BIC, and EBIC, we fixed the number of parameters at 11, corre-
sponding to 3 for each asymmetric normal marginal, 2 for each inverse gamma, and
1 for the copula. The Gumbel copula provides the best fit compared to the others,
although it had values close to the heavy-tail copula.

In Table 3, we have the summary of the posterior distribution for the Gumbel
copula model. Note that both variables have a high probability of being left-skewed,
as indicated by the credibility interval and the mean being below 1. Additionally,

8
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Figure 1. Insurance claim requirements (Loss e ALAE). Real data on the left and simulated data on the right.

Table 2. DIC, pd, AIC, EAIC, BIC, and EBIC for the six copula models for the loss request data of the insurance

company.

Copula DIC pd AIC EAIC BIC EBIC
Clayton 5,375 6.77 5,383 5,390 5,442 5,449
Frank 5,175 7.07 5,183 5,190 5,242 5,249
Gaussian 5,173 6.78 5,182 5,189 5,240 5,247
Gumbel 5,127 7.01 5,135 5,142 5,194 5,201
Heavy tail 5,139 7.08 5,147 5,154 5,205 5,212
Student 5,189 6.85 5,198 5,205 5,256 5,263

both have heavy tails. The copula parameter, θ, is concentrated around 1.4, indicating
positive dependence between the variables. Figure 1 shows 50,000 pairs of values from
the Gumbel copula model and the contour using the Rao-Blackwell estimator [8]. The
same sample was used to estimate a Kendall’s τ equal to 0.290. The overall model
captured important characteristics of the data, such as the dependence between the
variables, the asymmetries, and heavy tails in both marginals.

Table 3. Summary of the posterior distribution of the Gumbel copula model based on a sample of size 1000.

SD, 2.5%, and 97.5% are the standard deviation and percentiles of the posterior distribution of the parameters,

respectively.

Loss ALAE
Ψ Mean SD 2,5% Median 97,5% Mean SD 2,5% Median 97,5%
µ 9.481 0.099 9.316 9.486 9.644 8.895 0.076 8.772 8.893 9.026
λ2 2.504 1.516 0.407 2.279 5.397 1.810 1.187 0.325 1.644 3.943
γ 0.957 0.033 0.907 0.955 1.012 0.840 0.026 0.797 0.841 0.883
η 9.276 10.37 2.150 5.098 32.44 7.873 8.955 2.147 4.623 26.07
θ 1.442 0.033 1.387 1.441 1.498 - - - - -

4.2. Amsterdam and Frankfurt indices

The data correspond to 2,733 daily returns from the Amsterdam and Frankfurt indices,
from July 10, 1987, to December 31, 1997 [6]. We are primarily interested in studying
the dependence structure, so we first fit GARCH(1,1) models with normal errors for
both indices and apply the continuous mixture model to the residuals. Statistical tests
showed that all estimated parameters were statistically significant. Figure 2 shows
the dispersion of the residuals from the GARCH(1,1) models for the Amsterdam and
Frankfurt returns.

9
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Figure 2. Residuals from the GARCH(1,1) fit for both the Amsterdam and Frankfurt indices.

The Table 4 shows the DIC and other criteria. For the AIC, EAIC, BIC, and EBIC,
we set the number of parameters to 11, corresponding to 3 for each asymmetric normal
marginal, 2 for each inverse gamma, and 1 for the copula. The Student copula provides
a better fit than the others, although it yields values close to the Gaussian copula. It
is worth noting that the degrees of freedom of the Student copula are fixed at 4.

Table 4. DIC, pd, AIC, EAIC, BIC, and EBIC for the six copula models for the GARCH(1,1) residuals of the

Amsterdam and Frankfurt indices.
Copula DIC pd AIC EAIC BIC EBIC
Clayton 6,284 6.90 6,293 6,300 6,358 6,365
Frank 5,669 6.94 5,677 5,684 5,742 5,749
Gaussian 5,533 6.48 5,542 5,548 5,607 5,613
Gumbel 5,710 6.85 5,719 5,726 5,784 5,791
Heavy tail 6,376 6.89 6,384 6,391 6,449 6,456
Student 5,517 6.55 5,526 5,533 5,591 5,598

In Table 5, we present the summary of the posterior distribution for the Student
copula model. Note that both variables have a high probability of being left-skewed,
as indicated by the credibility interval and mean below 1; moreover, both have heavy
tails. The copula parameter, θ, is concentrated around 0.7, indicating positive depen-
dence between the two markets. The overall model captured important characteristics
of the data, such as the dependence between them, the skewness, and the heavy tails
in both marginals.

Table 5. Summary of the posterior distribution of the Student copula model based on a sample of size 1,000.

SD, 2.5%, and 97.5% are the standard deviation and percentiles of the posterior distribution of the parameters,

respectively.

Amsterdam Frankfurt
Ψ Mean SD 2,5% Median 97,5% Mean SD 2,5% Median 97,5%
µ 0.126 0.034 0.068 0.125 0.182 0.103 0.040 0.038 0.104 0.168
λ2 1.309 0.874 0.208 1.149 3.060 1.591 1.067 0.280 1.402 3.540
γ 0.899 0.016 0.872 0.900 0.924 0.918 0.016 0.893 0.917 0.945
η 8.533 9.898 2.128 4.640 31.55 8.260 9.109 2.164 4.510 28.58
θ 0.708 0.013 0.686 0.709 0.728 - - - - -
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4.3. Indices of Mexico and Argentina.

In this application, we aim to show that data of the same nature can have different de-
pendency structures. The data corresponds to 3,132 daily returns of the indices from
Mexico and Argentina from December 22, 1992, to December 22, 2004 [1]. We are pri-
marily interested in studying the dependency structure, so we first fit GARCH(1,1)
models with normal errors for both indices and apply the mixture model to the resid-
uals. All the estimated parameters were statistically significant. Figure 3 shows the
dispersion of the residuals from the GARCH(1,1) models for the returns of Mexico
and Argentina.

Figure 3. Residuals from the GARCH(1,1) fit for both the Mexico and Argentina.

Table 6 shows the DIC and other criteria. For the AIC, EAIC, BIC, and EBIC, we
fixed the number of parameters at 11, corresponding to 3 for each asymmetric normal
marginal, 2 for each inverse gamma, and 1 for the copula. The Frank copula model
has a better fit than the others, although it showed values close to the Gaussian.

Table 6. DIC, pd, AIC, EAIC, BIC, and EBIC for the six copula models for the GARCH(1,1) residuals of the

Mexico and Argentina indices.

Copula DIC pd AIC EAIC BIC EBIC
Clayton 5,792 7.03 5,800 5,807 5,866 5,873
Frank 5,501 7.18 5,509 5,516 5,576 5,583
Gaussian 5,538 6.96 5,547 5,554 5,613 5,620
Gumbel 5,685 7.07 5,692 5,699 5,759 5,766
Heavy tail 5,930 6.98 5,938 5,945 6,004 6,011
Student 5,586 7.09 5,594 5,601 5,660 5,668

In Table 7, we have the summary of the posterior distribution for the Frank copula
model. Some characteristics given by the estimation are positions away from (0, 0),
scale parameters near 1, asymmetries, and heavy tails for the marginals. Using ar-

Table 7. Summary of the posterior distribution of the Frank copula model based on a sample of size 1,000.

SD, 2.5%, and 97.5% are the standard deviation and percentiles of the posterior distribution of the parameters,

respectively.

Mexico Argentina
Ψ Mean SD 2,5% Median 97,5% Mean SD 2,5% Median 97,5%
µ 0.104 0.032 0.050 0.105 0.158 0.074 0.029 0.028 0.076 0.121
λ2 1.089 0.713 0.238 0.965 2.358 1.038 0.636 0.218 0.930 2.252
γ 0.917 0.017 0.888 0.916 0.945 0.935 0.016 0.910 0.935 0.961
η 7.782 8.513 2.165 4.526 25.28 8.605 9.967 2.142 4.661 31.56
θ 4.220 0.152 3.967 4.223 4.465 - - - - -
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tificial data from the Frank copula model and taking the posterior mean of the pa-
rameters, we have an estimated Kendall’s τ of 0.407. The model captured impor-
tant features of the data such as dependence, asymmetries, and heavy tails in both
marginals.

5. Concluding remarks

In this article, we introduce a method for constructing new families of copulas by com-
bining existing ones. This approach involves copula mixtures based on their marginal
distributions, extending prior work in the literature. We focus particularly on contin-
uous mixtures, specifically through a scale mixture of an asymmetric normal distribu-
tion and an inverse gamma distribution. We review various measures of dependence
and demonstrate how these can be calculated within the mixture model. Monte Carlo
integration is employed for all measures, including non-parametric sample versions of
Kendall’s τ and Spearman’s ρ. Inference in the copula mixture model is performed
using the Bayesian framework with Markov chain Monte Carlo (MCMC) techniques.
Model selection is based on the deviance information criterion (DIC) and similar cri-
teria. To illustrate the methodology, we present an example using continuous random
variables. Additionally, real-world datasets are used to demonstrate the practical ap-
plicability of the copula mixture model.
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Appendix A. Copula densities

Table A1. Six copula densities. ϕ(X,Y )(.), ϕ(.), Φ(.), t(X,Y ),ν(.), tν(.) and Tν(.) are the bivariate pdf with

correlation coefficient θ, the univariate pdf, and the cdf of standard normal random variables, and standard Student-

t random variables, respectively.

Cópula c(u, v|θ) = ∂2C(u,v|θ)
∂u∂v

Clayton (1 + θ)(uv)−(θ+1)(u−θ + v−θ − 1)−(1/θ+2)

Frank
−θe−θ(u+v)(e−θ − 1)[

e−θ(u+v) − e−θu − e−θv + e−θ
]2

Gaussian
ϕ(X,Y )(Φ

−1(u),Φ−1(v))

ϕX(Φ−1(u))ϕY (Φ−1(v))

Gumbel (uv)−1(−ln(u))θ−1(−ln(v))θ−1
(
θ − 1 + [(− log u)θ + (− log v)θ]1/θ

)

×[(− log u)θ + (− log v)θ]1/θ−2 exp
{
−[(− log u)θ + (− log v)θ]1/θ

}

Heavy tail (1 + 1/θ)[(1− u)(1− v)]−(1/θ+1)[(1− u)−1/θ + (1− v)−1/θ − 1]−(θ+2)

Student
t(X,Y ),ν(T

−1
ν (u), T−1

ν (v))

tX,ν(T−1
ν (u))tY,ν(T−1

ν (v))
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